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GEOMETRIC HIGHER GROUPOIDS AND CATEGORIES 


KAI BEHREND AND EZRA GETZLER 


ABSTRACT. In an enriched setting, we show that higher groupoids and higher categories form categories of 
fibrant objects, and that the nerve of a differential graded algebra is a higher category in the category of algebraic 
varieties. 


This paper develops a general theory of higher groupoids in a category V. We consider a small category 
V of spaces, together with a subcategory of covers, satisfying the following axioms: 

(Dl) V has finite limits; 

(D2) the pullback of a cover is a cover; 

(D3) if / is a cover and gf is a cover, then g is a cover. 

These axioms are reminiscent of those for a category of smooth morphisms P of Toen and Vezzosi (| |24l . 
Assumption 1.3.2.11). A topos satisfies these axioms, with epimorphisms as covers; so do the category of 
schemes, with surjective etale morphisms, smooth epimorphisms, or faithfully flat morphisms as covers, and 
the category of Banach analytic spaces, with surjective submersions as covers. We call a category satisfying 
these axioms a descent category. We call a simplicial object in a descent category a simplicial space. 

A finite simplicial set is a simplicial set with a finite number of degenerate simplices. Given a simplicial 
space X and a finite simplicial set T, let 

Hom(T, X) 

be the space of simplicial morphisms from T to X\ it is a finite limit in V, and its existence is guaranteed by 

(DT) 

Let A” C A n be the horn, consisting of the union of all but the Ah face of the n-simplex: 

A" = lj9jA”. 

A simplicial set X is the nerve of a groupoid precisely when the induced morphism 

X n -> Hom(A”,X) 

is an isomorphism for n > 1. 

On the other hand, given a simplicial abelian group A, the associated complex of normalized chains 
vanishes above degree k if and only if the morphism A n Hom(A-' , A) is an isomorphism for n > k. 
Motivated by these examples, Duskin defined a /c-groupoid to be a simplicial set X such that the morphism 
X n —>• Hom(A”, X) is surjective for n > 0 and bijective for n > k. (See Duskin flOll and Glenn 1 1131 . In 
their work, /c-groupoids are called “fc-dimensional hypergroupoids.”) 

We are grateful to Nick Roszenblyum for remarking that the path space of a quasi-category X is Hom( 1 , X), and to Jesse 
Wolfson for many helpful discussions. The first author thanks Imperial College for its hospitality during the period when this paper 
was begun. The second author thanks the University of Geneva for its hospitality during the period when it was completed, and the 
Simons Foundation for support under a Collaboration Grant for Mathematicians. 
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In this paper, we generalize Duskin’s theory of /c-groupoids to descent categories: Pridham takes a similar 
approach in ETft . 

Definition. Let k be a natural number. A simplicial space X in a descent category V is a fc-groupoid if, for 
each 0 < i < n, the morphism 

X n —>Hom(A?,X) 

is a cover for n > 0, and an isomorphism for n > k. 

Denote by s^V the category of /--groupoids, with morphisms the simplicial morphisms of the underlying 
simplicial spaces. Thus, the category soV of 0-groupoids is equivalent to V, while the category s i V of 
1-groupoids is equivalent to the category of Lie groupoids in V, that is, groupoids such that the source and 
target maps are covers. (The equivalence is induced by mapping a Lie groupoid to its nerve.) 

Definition. A moiphism / : X -^-Y between /.--groupoids is a fibration if, for each n > 0 and 0 < i < n, 
the moiphism 

X n —> Horn (A”, X) x Hom ( A »y) Y n 

is a cover. It is a hypercover if, for each n > 0, the morphism 

X n —» Hom(<9A", X) Xnom(SA™,y) Y n 

is a cover. It is a weak equivalence if there is a /--groupoid P and hypercovers p : P —>• X and q : P Y 
such that / = qs, where s is a section of p. 

Every /c-gmupoid is fibrant: that is, the unique morphism with target the terminal object e is a fibration. 
Every hypercover is a fibration. 

The following is the first main result of this paper: for the definition of a category of fibrant objects, see 
Definition ll.il 

Theorem. The category of /c-groupoids s^V is a category of fibrant objects. 

We will prove the following more direct characterization of weak equivalences in Section 5. 

Theorem. A morphism / : X Y between /.--groupoids is a weak equivalence if and only if, for each 
n > 0, the morphisms 

X n Xy„ Y n+ \ —> Hom(<9A n , X) x Uom{dA r,. X) Hom(A^,F) 

are covers. 

Parallel to the theory of fc-groupoids, there is a theory of /^-categories, modeled on the theory of com¬ 
plete Segal spaces (Rezk If22l0 . In the case where V is the category of sets, these are truncated weak Kan 
complexes in the sense of Boardman and Vogt [O. Weak Kan complexes were studied further by Joyal flTTl . 
who calls them quasi-categories, and by Lurie lfl9l . who calls them oo-categories. 

The thick n-simplex is the simplicial set A" = cosko A". Just as A n is the nerve of the category with 
objects {0,... , n} and a single morphism from i to j if i < j, k n is the nerve of the groupoid [n] with 
objects {0,..., n} and a single morphism from i to j for all i and j. In other words, just as the /c-simplices 
of the n-simplex are monotone functions from {0,... , A;} to {0,..., n}, the /c-simplices of the thick simplex 
are all functions from {0,... , k} to {0,..., n}. What we call the thick simplex goes under several names 
in the literature: Rezk lf22l denotes it E(n), while Joyal and Tierney lfl8l use the notation A'[n]. 
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Definition. Let A: be a positive integer. A simplicial space A in a descent category V is a fc-category if for 
each 0 < i < n, the morphism 

X n Horn (A”. X), 

is a cover for n > 1 and an isomorphism for n > k, and the morphism 

Hom(A 1 , X) -> X 0 

induced by the inclusion of a vertex A 0 A 1 is a cover. 

In a topos, where all epimorphisms are covers, the last condition is automatic, since these morphisms 
have the section Xq —> Horn (A 1 , X) induced by the projection from A 1 to A 0 . 

Associated to a /.'-category X is the simplicial space (X), defined by 

(X) n = Hom(A n ,X). 

The formation of (X) n , while appearing to involve an infinite limit, is actually isomorphic to a finite limit, 
since (see Lemma [A2l ) 

Hom(A n , X) =* coskfc+i X n = Hom(sk fc+ i A n , X), 

and skfc + i A n , the (.k + l)-skeleton of A n , is a finite simplicial complex. 

The following theorem is useful in constructing examples of /c-groupoids. 

Theorem. If X is a k- category, (X) is a /c-groupoid. 

In fact, ^-categories also form a category of fibrant objects. 

Definition. A morphism / : X —>• Y of ^-categories is a quasi-fibration if for 0 < * < to, the morphism 

Xn -> Hom(A",X) x Hom ( A n y) Y n 

is a cover, and the morphism 

Hom(A 1 , X) -► X 0 Xy 0 Hom(A 1 , X) 

induced by the inclusion of a vertex A 0 ^ A 1 is a cover. It is a hypercover if, for each n > 0, the morphism 

X n —» Hom(c/A", X) x Hom ( 3 An yj Y n 

is a cover. (This is the same definition as for fc-groupoids, except that now X and Y arc /.'-categories.) It is a 
weak equivalence if there is a /e-category P and hypercovers p : P —> X and q : P —y Y such that / = qs, 
where s is a section of p. 

Theorem. 

i) The category of /c-categories is a category of fibrant objects. 

ii) The functor is an exact functor: it takes quasi-fibrations to fibrations, pullbacks of quasi-fibrations 
to pullbacks, and hypercovers to hypercovers. 

We also have the following more direct characterization of weak equivalences between /.'-categories, 
proved in Section 6. Recall that if S and T are simplicial sets, then their join K * L is the simplicial set 

k -1 

(5 * T) k = S k U T k U U Sj x 

3=0 
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Theorem. A morphism / : A — > Y of ^-categories is a weak equivalence if and only if the morphism 

X 0 Xy 0 Horn(A’. Y) —> Y 0 

is a cover, and the morphisms 

X n Xy n Honr(A 1 * A n ~ 1 ,Y) 

—> Hom(<9A n , X) x Hom (QA",y) Hom(A 1 * <9A n_1 U q * A” -1 , Y) 

are covers for n > 0. 


In a finite-dimensional algebra or a Banach algebra, invertibility is an open condition. To formulate this 
property in our general setting, we need the notion of a regular descent category. 

A morphism in a category is an effective epimorphism if it equals its own coimage. (We recall the 
definition of the coimage of a morphism in Section 2.) 

Definition. A subcanonical descent category is a descent category such that every cover is an effective 
epimorphism. 

Definition. A regular descent category is a subcanonical descent category with a subcategory of regular 
morphisms, satisfying the following axioms: 

(Rl) every cover is regular; 

(R2) the pullback of a regular morphism is regular; 

(R3) every regular morphism has a coimage, and its coimage is a cover. 


All of the descent categories that we consider are regular. In the case of a topos, we take all of the 
morphisms to be regular. When V is the category of schemes with covers the surjective etale (respectively 
smooth or flat) morphisms, the regular morphisms are the the etale (respectively smooth or flat) moiphisms. 
When V is the category of Banach analytic spaces with covers the surjective submersions, the regular mor¬ 
phisms are the submersions. 


Definition. A /.’-category in a regular descent category V is regular if the moiphism 

Hom(A 1 , X) -)■ Hom(A 1 , X) = A, 


is regular. 


Theorem. Let V be a regular descent category, and let X be a regular /.’-category in V. Then for all n > 0, 
the moiphism 

Hom(A n , X) -> Hom(A n , X) = X n 

is regular. Let G(A') n be the image of this morphism (that is, the codomain of its coimage). Then the spaces 
G(A) form a simplicial space, this simplicial space is a /;:-groupoid, and the induced morphism 

(■ X) -A G(A) 


is a hypercover. 


In fact, as shown by Joyal (Corollary 1.5, IIT71 ). G(A) n is the space of n-simplices of X such that for 
each inclusion A 1 ■—> A n , the induced 1-simplex lies in G(A) |. The simplices of G(A)i are called quasi- 
invertible. 
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In the case where V is the category of sets, this theorem relates two different A-gmupoids associated to 
a ^-category: the /c-gmupoid (X) was introduced by Rezk f22l and further studied by Joyal and Tierney 
Ifl8l . while the A:-gmupoid G(X) was introduced by Joyal fTTI . 

In the last section of this paper, we construct examples of A-gmupoids associated to differential graded 
algebras over a field. Let A be a differential graded algebra such that A 1 is finite-dimensional for all i. The 
Maurer-Cartan locus MC(,4) of A is the affine variety 

MC(A) = Z(da + a 2 ) C A 1 . 

If K is a finite simplicial set, let C*( K) be the differential graded algebra of normalized simplicial cochains 
on K. The nerve of A is the simplicial scheme 

N n A = MC(C*(A) <g) A). 

This simplicial scheme has also been discussed by Lurie |[T9il . 

Theorem. Let A be a differential graded algebra finite-dimensional in each degree and vanishing in degree 
—k and below. The nerve N,A of A is a regular fc-category in the descent category of schemes (with 
surjective submersions as covers). 

The Aogroupoid ,A = (NA) is the simplicial scheme 

n A = MC(C*(A n ) <g> A). 

We see that ,A and G(N,A) are /c-groupoids, and that the simplicial morphism 

.A -»■ G (N.A) 

is a hypercover. The statement that G(N,A) is a A:-gro upoid has also been proved by Benzeghli (2j- 

This theorem has an evident generalization to differential graded categories. It may also be generalized 
to differential graded Banach algebras, in which case the nerve is a A'-catcgory in the descent category of 
Banach analytic spaces. There is also a more refined version of the theorem in which the Maurer-Cartan 
locus is taken in the category of derived schemes; this will be the topic of a sequel to this paper. 

1. Categories of fibrant objects 

Definition 1.1. A category with weak equivalences is a category V together with a subcategory W C V 
containing all isomorphisms, such that whenever / and g are composable morphisms such that gf is a weak 
equivalence, then / is a weak equivalence if and only if g is. 

Associated to a small category with weak equivalences is its simplicial localization L(V, W). This is a 
category enriched in simplicial sets, with the same objects as V, which refines the usual localization. (In 
fact, the morphisms of the localization are the components of the simplicial sets of morphisms of L(V, W).) 
The simplicial localization was introduced by Dwyer and Kan |QjQ|T2], and studied further in Dwyer and 
Kan m, Weiss {25], and Cisinski (6]: one may even say that abstract homotopy theory is the study of 
simplicial localizations. The simplicial category of fc-stacks is the simplicial localization of the category of 
Aogroupoids. 

Categories of fibrant objects, introduced by Brown {4], form a class of categories with weak equivalences 
for which the simplicial localization is quite tractable: the simplicial sets of morphisms between objects 
may be realized as nerves of certain categories of diagrams. 
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Definition 1.2. A category of fibrant objects V is a small category with weak equivalences W together 
with a subcategory T C V of fibrations, satisfying the following axioms. Here, we refer to morphisms 
which are both fibrations and weak equivalences as trivial fibrations. 

(FI) There exists a terminal object e in V, and any morphism with target e is a fibration. 

(F2) Pullbacks of fibrations are fibrations. 

(F3) Pullbacks of trivial fibrations are trivial fibrations. 

(F4) Every morphism / : X —>• Y has a factorization 


X 



Y 


where r is a weak equivalence and q is a fibration. 


An object X such that the morphism X —> e is a fibration is called fibrant: Axiom [(FT)] states that every 
object is fibrant. 

The reason for the importance of categories of fibrant objects is that they allow a simple realization of the 
simplicial localization L(V,W) solely in terms of the trivial fibrations. Namely, by a theorem of Cisinski 
[HO Proposition 3.23], the simplicial Horn-set Hom(X, Y) of morphisms from X to Y in the simplicial 
localization of a category of fibrant objects is the nerve of the category whose objects are the spans 


X 



P 



Y 


where / is a trivial fibration, and whose morphisms are commuting diagrams 

Po 



(In the examples considered in this paper, in which the factorizations in the category of fibrant objects are 
functorial, this result already follows from the papers II111I121I .) 

The following lemma is due to Brown; the idea behind the proof goes back to Seme’s thesis (Chapitre IV, 
Proposition 4 |[23l ). 


Lemma 1.3. The weak equivalences of a category of fibrant objects are determined by the trivial fibrations: 
a morphism / is a weak equivalence if and only if it factorizes as a composition qs, where q is a trivial 
fibration and s is a section of a trivial fibration. 


Proof. Let Y be an object of V. The diagonal Y — >• Y x Y has a factorization into a weak equivalence 
followed by a fibration: 


Y 


-4 PY 


doxdi 


■>Y xY. 


The object PY is called a path space of Y. 
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Since Y is fibrant, the two projections from Y x Y to Y arc fibrations, since they are pullbacks of the 
fibration Y —> e: it follows that the morphisms 

0() .d l : PY - > Y 


are fibrations as well. Since they are weak equivalences (by saturation of weak equivalences), they are 
actually trivial fibrations. 

Given a moiphism f : X —>Y, form the pullback 


P(f) —PY 


p(f) 


do 


X 


f 


4 Y 


We see that the projection p(f ) : P(f) —x X is a trivial fibration, with section s(/) : X —> P(f) induced 
by the morphisms s : Y —> PY and f : X Y. 

We may also express P(f) as a pullback 


P(f) 

p(/)xg(/) 

1x7 


/X1} 


-4 PY 

doxdi 
-4 Y X Y 


This shows that p(f) x q(f) is a fibration. Composing with the projection 1x74 7", which is a fibration 
since X is fibrant, it follows that q(f) : P(f) -4 Y is a fibration. In this way, we obtain the desired 
factorization of /: 


P(f) 



The proof of this lemma shows that Axiom [(F4j1 is implied by the following special case: 
(F4*) Each diagonal morphism / : X —> X x X has a factorization 






tlxl 


where r is a weak equivalence and q is a fibration. 


2. Descent categories 

Recall the axioms for a descent category, which we stated in the introduction. 
(Dl) V has finite limits; 

(D2) the pullback of a cover is a cover; 

(D3) if / is a cover and gf is a cover, then g is a cover. 
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The covers in a descent category form a pre-topology on V (Grothendieck and Verdier [2) with the special 
property that every cover consists of a single morphism: this class of pre-topologies will be sufficient for 
our purposes. Axiom [(D3)| which has no counterpart in the usual theory of Grothendieck topologies, plays 
a key role in this article. 

The above axioms hold in the category of Kan complexes, with the trivial fibrations as covers. In the 
study of higher stacks, an additional axiom is sometimes assumed, that covers are closed under formation 
of retracts (c.f. Henriques fl6l ): we will not need this axiom here. 

Example 2.1. 

a) The category of schemes is a descent category, with surjective etale, smooth or flat morphisms as 
the covers. 

b) The category of analytic spaces is a descent category, with surjective submersions as covers. A 
morphism / : X — > Y of analytic spaces is a submersion if for every point x £ X, there is a 
neighbourhood U of x, a neighbourhood V of f(x), and an isomorphism of analytic spaces U = 
B x V for which / is identified with projection to V, where B is an open ball in a complex vector 
pace. 

c) More generally, by Douady 0, the category of Banach analytic spaces is a descent category, again 
with surjective submersions as covers. 

Example 2.2. A C °°-ring (Dubuc HI) is a real vector space R with operations 

p n : A(n) x R n —>• R, n > 0, 

where A(n) = C°°( n , ). For every natural number n and n-tuple (m \.... , m n ), the following diagram 
must commute: 

1 X'"Xp77, n 

A(n) x A(mi) x • • • x A(m n ) x R mi x • • • x R mn -> A(n) x R n 

pn 

A(rrii + • • • + m n ) x R mi x ■ • • x R mn -> R 

The category of C°°-schemes is the opposite of the category of C 00 -rings. This category has finite limits, 
and contains the category of differentiable manifolds as a full subcategory. It is also a descent category, 
with covers the surjective submersions. The category of Lie groupoids in the category of C^-schcmcs is a 
natural generalization of the category of Lie groupoids in the usual sense: one of the results of this paper is 
that it is a category of fibrant objects. 

The kernel pair of a morphism / : X —> Y in a category with finite limits is the diagram 

X x y X f X 

The coequalizer p of the kernel pair of /, if it exists, is called the coimage of /: 

/ 

X Xy X > X 

The image of / is the morphism i : Z —>• Y. 















A morphism f : X Y in a category V is an effective epimorphism if p equals /, in the sense that i is 
an isomorphism. One of the reasons for the importance of effective epimorphisnrs is that pullback along an 
effective epimorphism is conservative (reflects isomorphisms). 

Definition 2.3. A descent category is subcanonical if covers arc effective epinrorphisms. 

All of the descent categories which we have defined above have this property. 

In the study of categories, regular categories play a special role: these arc categories with finite limits in 
which pullbacks of effective epinrorphisms arc effective epimorphisnrs, and kernel pairs have coequalizers. 
Such categories share some basic properties with the category of sets: in particular, every morphism fac¬ 
tors into an effective epimorphism followed by a nrononrorphisnr, and such a factorization is unique up to 
isomorphism. 

Recall from the introduction that a regular descent category is a subcanonical descent category V together 
with a subcategory of regular nrorphisms satisfying the following axioms. 

(Rl) every cover is regular; 

(R2) the pullback of a regular morphism is regular; 

(R3) every regular nrorphisms has a coinrage, and its coinrage is a cover. 

The following lemma is an example of the way in which a number of properties of regular categories, 
suitably reformulated, extend to regular descent categories. 

Lemma 2.4. Let V be a regular descent category, and consider the factorization of a regular morphism 
/ : X -y-Y into a cover p : X —>• Z followed by a morphism i : Z —yY. Then i is a nrononrorphisnr. 


Proof. The morphism 


p Xy p : X Xy X —y Z Xy Z 


is the composition of a pair of covers 


Xxyp pXyZ 

X X y X -> X Xy Z -> Z Xy Z, 

hence itself a cover. The two compositions tti o (p xy p) and 712 o (p Xy p) from X Xy X to Z are equal. 
Since p Xy p is a cover, it is an effective epimorphism, hence 7Ti = tt 2 : Z Xy Z —y Z. This implies that 
% : Z —y Y is a nrononrorphisnr. □ 


3. fc-GROUPOIDS 

Fix a descent category V. We refer to sinrplicial objects taking values in V as simplicial spaces. Denote 
the category of sinrplicial spaces by sV. 

Definition 3.1. Let T be a finite simplicial set, and let S T be a simplicial subset. If / : X — > Y is a 
morphism of simplicial spaces, define the space 

Horn (5 4T,/) = Horn (S', X) x Hom( s,y) Hom(T, Y). 

This space parametrizes simplicial maps from T to Y with a lift to X along S. 

Let n > 0 be a natural number. The matching space Horn (d A”, X) of a simplicial space X (also de¬ 
noted M n (X)) is the finite limit HomfSA" . X), which represents simplicial nrorphisms from the boundary 
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dA n of the n-simplex A" to X. More generally, the matching space of a simplicial morphism / : X —>• Y 
between simplicial spaces is the finite limit 

Hom(3A n A n ,f) = Hom(c>A n , X) x Ho m(9A«,y) Y n- 

Definition 3.2. A simplicial morphism / : A" Y in sV is a hypercover if for all n > 0 the morphism 

X n —> Hom(<9A n A", /) 

is a cover. 

Lemma 3.3. Let T be a finite simplicial set, and let S T be a simplicial subset. If / : X —> Y is a 
hypercover, then the induced morphism 

Hom(T, X) —» Horn (S' T, f) 

is a cover. 

Proof. There is a finite filtration of T 

S = F_iT C F 0 T C FiT C • • • C T 
satisfying the following conditions: 

a) T = U gF{T\ 

b) there is a weakly monotone sequence ng, £ > 0, and maps Xf : <)X nt —>FfT and yc : dA ne — 'Fr- \ T 
such that the following diagram is a pushout: 

dA n * --—> F £ _iT 


A n <- --- > F{T 


The morphism 

Hom(TyT. X) -X Hom(F £ _iT ^ F(T, f) 

is a cover, since it is a pullback of the cover X nt —> Hom(9A n ^ ^ A ,l( , /). □ 

Definition 3.4. Let A: be a natural number. A simplicial space is a fc-groupoid if the morphism 

X n —> Hom(A”, X) 

is a cover for all n > 0 and 0 < i < n, and an isomorphism when n > k. Denote the category of 
A’-groupoids by s^V. 


Definition 3.5. A simplicial map / : X — > Y in sV is a fibration if the morphism 

X n —> Hom(A” ^ A”, /) 

is a cover for all n > 0 and 0 < i < n. 


Our goal in the remainder of this section is to show that the A'-groupoids in a descent category form a 
category of fibrant objects. 

Theorem 3.6. With fibrations and hypercovers as fibrations and trivial fibrations, the category of A;-groupoids 
SkV is a category of fibrant objects. 


to 



The proof of Theorem 13.61 will consist of a sequence of lemmas; we also take the opportunity to derive 
some additional useful properties of fibrations and hypercovers along the way. Axiom [(FT)1 is clear. 

Definition 3.7. Let m > 0. An m-expansion S ^ T (expansion, if m = 1) is a map of simplicial sets 
such that there exists a filtration 

5 = F_iT C F 0 T C FiT C • • • C T 
satisfying the following conditions: 

a) T = {J ( F(T\ 

b) there is a weakly monotone sequence ng > m, £ > 0, a sequence 0 < ig < ng, and maps xg : 
A ne —> FgT and yg : A'( ,: —> Fg_ \ T such that the following diagram is a pushout: 

A?/ —^ Ft-iT 


A ne - ¥ FgT 

x e c 

Lemma 3.8. If S C A n is the union of 0 < m < n faces of the n-simplex A n , the inclusion S A n is an 
rn-cxpansion. 

Proof. The proof is by induction on n: the initial step n = 1 is clear. 

Enumerate the faces of A n not in S: 

{d io A n ,...,d in _ m A n }, 

where 0 < iq < ■ ■ ■ < i n - m < n. Let 

FgA n = S U [^J d lj A n . 0 < £ < n — m. 

3<i 

By the induction hypothesis, we see that Fg-\A n n di e A n ^ d H A" is an m-expansion: on the one hand, 
each face of A n contained in S contributes a face of d lf A n to F/_ \ A" n d lf A n , and hence 7y_i A" D d lf A n 
contains at least m faces of <9, ; A"; on the other hand, Fg_iA n r\d l( A n does not contain the face 0 lri _ rn A" D 
d le A n of d if A n . □ 

Lemma 3.9. Let T be a finite simplicial set, and let S ^ T be an m-expansion. 

i) If A is a />:-groupoid, the induced morphism 

Hom(T, X) —> Horn (S', X) 

is a cover, and an isomorphism if m > k. 

ii) If / : X -» Y is a fibration of A:-groupoids. the induced morphism 

Hom(T, X) —> Hom(S T, /) 

is a cover, and an isomorphism if m > k. 


n 








Proof. The proof is by induction on the length of the filtration of T exhibiting S ^ T as an expansion. In 
the first case, the morphism Hom(T)T. X) —f Hom(ly_. i T. X) is a cover, since it is a pullback of the cover 
X Tlf —> Hom(A”f, X) (which is an isomorphism if m > k), and in the second case, the morphism 

Horn (FiT, X) -7 Horn (F^T -7 S t , f) 

is a cover, since it is a pullback of the cover X nt —> HomfA-^ <^7 A n , /) (which is again an isomorphism 
if m > k). □ 

Corollary 3.10. If X is a A:-groupoid, the face map c), : X n —> X n _i is a cover. 

Lemma 3.11. If / : X —> Y is a fibration of fc-groupoids, then 

X n —►Hom(A?-> A n ,f) 

is an isomorphism for n > k. 


Proof. We have the following commutative diagram, in which the square is a pullback: 

A n ---> Hom(AF -7 A", /)-> Y n 

7 

Horn (A”, X) -> Hom(A”, Y) 

If n > k and 0 < i < n, f3 and 7 are isomorphisms, and hence a is an isomorphism. □ 

Lemma 3.12. A hypercover / : X —> Y of A -groupoids is a fibration. 

Proof. For n > 0 and 0 < i < n, we have the following commutative diagram, in which the square is a 
pullback: 



(3.1) 



Hom(AF ■-> A n , /)-> Hom(3A n_1 A* 1 " 1 

s 

If n > 0 and 0 < i < n, then a and 7 are covers, hence /A is a cover. 


/) 


□ 


Lemma 3.13. Suppose the descent category V is subcanonical. If / : X —> Y is a hypercover of k- 
groupoids, then X n —>• HomfOA" ^ A”, /) is an isomorphism for n > k. 

Proof. Consider the diagram (13.11 ). If n > k, so that 0 is an isomorphism, we see that a is both a regular 
epimorphism and a monomorphism, and hence is an isomorphism. 

To handle the remaining case, consider the diagram (13.11) with n = k + 1. We have already seen that 
all morphisms in the triangle forming the left side of the diagram are isomorphisms. But 5 factors as the 
composition of the covers di : X/. +] — > X) : and 7; hence, it is a cover. Since pullback along a cover in V 
reflects isomorphisms, we conclude that 7 is an isomorphism. □ 

Next, we show that fibrations and hypercovers are closed under composition. 
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Lemma 3.14. If / : X —> Y and g :Y —>• Z are hypercovers, then gf is a hypercover. 
Proof. Consider the commutative diagram 


(3.2) 



» Hom(5A n "—t A n , f ) 


-> Y n 


Hom(<9A n A n ,gf) ——► Hom(9A n A n ,g) 


in which the square is a pullback. Since a and 7 are covers, it follows that (5 is a composition of two covers, 
and hence is itself a cover. □ 

Lemma 3.15. If / : X —> Y and g : Y —> Z are fibrations of A:-gmupoids, then gf is a fibration. 

Proof. Consider the commutative diagram 


(3.3) 



> Hom(A” <-> A n , /) 




Hom(A” A n ,gf) -> Hom(A” ^ A n ,g) 


1 — ’ j j > v l 

in which the square is a pullback. If n > 0 and 0 < % < n, then /3 is a cover, implying that a is a composition 
of two covers, and hence itself a cover. □ 

Next, we prove Axioms [(F2)| and [(F3)| 

Lemma 3.16. If p : X —> Y is a hypercover and / : Z —>• Y is a morphism, the morphism q in the pullback 
diagram 

X Xy Z -> X 


-4 Y 


is a hypercover. 

Proof. In the pullback diagram 


4l„ 


X-n Xy n Z n 

13 

Hom(<9A n e —> A n , q) - s- Hom(5A n A n ,p) 

the morphism a is a cover because (3 is. 


□ 
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Lemma 3.17. U' p : X —>■ Y is a fibration of A-gmupoids, and / : Z —>• Y is a morphism of fc-groupoids, 
then X Xy Z is a k-groupoid, and the morphism q in the pullback diagram 


X x Y Z -> X 

q P 

Z - r Y 

f 

is a fibration. 

Proof. Given n > 0 and ()<?'< n, we have a pullback square 

Z ji x y u Z n ^ X n 

a (3 

Hom(A” A n ,q) -> Hom(A™ c -» A n ,p) 

The morphism a is a cover because /3 is. 

There is also a pullback square 

Hom(A™ A n , q) -- 

7 

Hom(A7, X x y Z) -> Hom(A”, Z) 

If Z is a fc-groupoid, then 7 is a cover, and an isomorphism if n > k. □ 

Next, we prove that sV is a descent category, with hypercovers as covers: that is, we show that hypercov¬ 
ers satisfy Axiom [(D3) 

Lemma 3.18. If / : X —> Y and g : Y —> Z are morphisms of simplicial spaces and / and gf are 
hypercovers, then g is a hypercover. 

Proof. In diagram (13.21) . a and /3 are covers. We will show that S is a cover: applying Axiom [(D3)| it follows 
that 7 is a cover. 

For — 1 < j < n — 1, let 

M n (f,g,j ) = Hom(skj A n , X) x Hom(sk; . Hom(<9 n A <-x A ,g), 
where sky A n , the j-skeleton of A n , is the union of the j-simplices of A”. The pullback square 

/n+l\ 

M n (f,g,j) -> (^) Ulj 

M n (f,g,j - 1)-r Hom(9A^ <-> A,/)0+i) 
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shows that the morphism M n (f,g,j ) —> M n (f, g, j — 1) is a cover. Since 

M n (f,g, -1) = Hom(3A n ^ A n ,g) 

and 

M n (f,g,n — 1) = Hom(<9A n =->• A n \gf), 

we see that the 5 is a cover. □ 

In order to show that A-groupoids form a category of fibrant objects, we will need to construct path spaces. 
In fact, the proof requires iterated path spaces as well: it is convenient to organize these into a simplicial 
functor P n . The proof of Theorem 13.61 actually only requires the functors Pi and P 2 (and Po, the identity 
functor). 

Definition 3.19. Let P n : sV —> sV be the functor on simplicial spaces such that 

(PnX)m = Hom(A m,n , A), 

where A m,n is the prism A m x A n . 

The functor P n is the space of maps from the n-simplex A n to A; in particular, there is a natural isomor¬ 
phism between Po A and X, and PX = Pi A is a path space for A. Note that P n preserves finite limits, and 
in particular, it preserves the terminal object e. Motivated by Brown’s Lemma [L3l we make the following 
definition. 

Definition 3.20. A moiphism / : A —y Y of A;-groupoids is a weak equivalence if the fibration 

?(/) : P (/)—>Y 

is a hypercover, where P(/) = A Xy P{Y. 

In the case of Kan complexes, this characterization of weak equivalences amounts to the vanishing of the 
relative simplicial homotopy groups. (A similar approach is taken, in the setting of simplicial sheaves, by 
Dugger and Isaksen |9l.) 

If T is a finite simplicial set and A is a simplicial space, denote by Pj X the simplicial space 

(p T A) n = Hom(T, P,A n ) “ Hom(T x A n , A). 

The following theorem will be proved in the next section. 

Theorem 3.21. The functor 

P. : sV— 'rs 2 V 

satisfies the following properties: 

a) if n > 0 and / : A —> Y is a fibration (respectively hypercover), the induced morphism 

P n A — >Pg/\nX X P aA „Y Y n 

is a fibration (respectively hypercover); 

b) if / : A — y Y is a fibration, n > 0 and 0 < i < n, the induced morphism 

P n X —> Pa" A Xp nY Y n 

% i 


is a hypercover. 
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In particular, the functor P\ satisfies the conditions for a (functorial) path space in a category of fibrant ob¬ 
jects: the simplicial morphism P\ X —> X x X is a fibration, and the face maps P\ X —>• X arc hypercovers. 
Lemma [L3l now implies the following. 

Lemma 3.22. Axiom [fF4)1 holds in SkV. 

Lemma 3.23. The weak equivalences form a subcategory of s^V. 

Proof Let / : X —rY and g : Y —» Z be weak equivalences in s^V. Form the pullback 

Pig, f) -> P2Z 

do 

P(f) = X x Y PlY -- PlY -- PiZ 

V ^ fXyPlY Pig 

In the following commutative diagram, the solid arrows arc hypercovers: 

Pig, f) -> P(gf) xx P(f) -> P(gf) 

1 

1 

1 

1 

Pig) x Y Pi!) -- Pig) -> z 

The result now follows from Lemma l3.181 □ 

Lemma 3.24. If / : X —>• Y and g : Y —> Z are morphisms of A:-groupoids such that / and gf are weak 
equivalences, then g is a weak equivalence. 

Proof. In the following commutative diagram, the solid arrows are hypercovers: 


Pig, f )-> Pig!) x x Pif) -> Pigf) 

Pig) x Y Pif) -> Pig) -+ ^ 

Again, the result follows from Lemma l3.18[ □ 


Lemma 3.25. A fibration / : X —> Y of /r-groupoids is a weak equivalence if and only if it is a hypercover. 

Proof In the following commutative diagram, the solid arrows are hypercovers: 

PiX -- Pif) 

1 

[ ?(/) 

-t- 

x- + Y 

f 

It follows by Lemma l3.18l that / is a hypercover if and only if q(f) is. □ 
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In order to complete the proof that sfV is a category with weak equivalences, we need the following 
result, which is familiar in the case where V is a topos. 

Lemma 3.26. If / : X —> Y is a fibration of A:-groupoids, and g \ Y —? Z and gf are hypercovers, then / 
is a hypercover. 

Proof. The idea is to use the fact that X n+ i —> A n+ i,i(/) is a cover in V in order to show that X n —>■ 
Hom(<9A n ^ A, /) is a cover. 

Define the fibred products 

V(f,g) ---> *n+t 

b 

X n ---> X n+ \ -Hom(A” +1 A n ,gf) 

W(f , g )---> *n+t 

b 

Xn — ^ X n+ \ ~ —> Hom(AQ +1 A n ,gf) 

The spaces V (/, g) and W (/, g) are isomorphic: there is a morphism from V (/, g ) to W (/, g), defined by 
the diagram 



Xn ~ ^ A ^. i i —> Hom(AQ +1 A n ,gf) 

Likewise, there is a morphism from W(f,g ) to V(f,g), induced by the morphisms a : V(f,g) —> X n+ \ 
and d\a : V (/, g) —> X n . These morphisms between V (/, g) and W (/, g) are inverse to each other. 

In this way, we see that the morphism do a : V n (/, g) —> X n is a cover: under the isomorphism V (/, g) = 
W(f,g), it is identified with the morphism b : V(f, g) —>• X n , and this map is a pullback of a cover by 
Lemma [33} since gf is a hypercover. 

Define the additional fibred products 

T(f,g) -> Y n 


X n -> Y n -> Hom(5A n A n ,g) 
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U(f,g) 


^Y 


71 +1 


x„ 


so 


+ X. 


n +1 


+ Y r 


n+1 


Hoiii(Aq +1 A n ,g) 


We have the following moiphisms between the spaces T(f,g), U{f,g), and V(f,g), each of which is a 
cover: 

T(f,g) Hom(<9A n c -» A n , f) 


Xn ' x 'Hom(9A rlo ->'A rl ,g) Y n 


Hom((9A n A n ,gf) X Ho m(0A»->A», 9 ) 




T(/, 5 ) 


Xn X Hom(A" +1 ^-A™,g) ^n+\ > X n X Hom (Aj+i^.A n ,g) Hom(<9A n+1 "-+ A n , g) 


V(f,g) 


U(f,g) 


X Hom(A" +1 ^A",g/) X n +1 ~► X n X Ho m(A" +1 ->A", g /) Hom(A™ +1 ^ A”,/) 
In this way, we obtain a diagram 

V(f,g) 


X n =XZ- --> Hom(<9A n ^ A n ,f) 

in which the solids arrows are covers, and hence the third arrow is as well. □ 

We can now complete the proof of Theorem 13.61 

Lemma 3.27. If / : X —» Y and g : Y —> Z are morphisms of /r-groupoids such that g and gf are weak 
equivalences, then / is a weak equivalence. 

Proof. In the following commutative diagram, the solid arrows are hypercovers, while the dashed arrow is 
a fibration: 

P(g, f) -> P(gf) xx P(f) 


P(g) x Y P(f) 


i 

P(9)XYP(f) I 
I 

+ 

Pig) 


9 ( 9 ) 


P(gf)xx P (f) 

P(gf) 

9 ( 9 /) 

-4 z 
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It follows by Lemma l3.18l that the composition 


9(9) 


-4 Z 


P(g)x Y q(f) 

P(g) Xy P(f) - - -- --- 4 P(g) - 

is a hypercover. Lemma [3.261 implies that P(g) Xy q(f ) is a hypercover. In the following commutative 
diagram, the solid arrows are hypercovers, while the dashed arrow is a fibration: 

or \ p(9)*YP(f) . . 

Pis) Xy P(/)-► P(f) 


P(9)x-Yq{f) 

p\g) 


p(g ) 


1 

4 

47 


?(/) 


Applying Lemma [3.181 one final time, we conclude that q( f) is a hypercover, and hence that / is a weak 
equivalence. □ 


4. The simplicial resolution for /c-groupoids 


In this section, we prove Theorem 13.211 Consider the following subcomplexes of the prism A r ' 


A m,n = x A n) y x g^ fcn,n = (g A m x A ") (j (A™ X A”). 

Moore has proved that the inclusions A- Tt,n A m,n and A" 1 ’' 1 ^-4 A m,n are expansions. The following 
lemma is a refinement of his theorem. 


Lemma 4.1. The inclusions A'- 1 '" >—4 A m,n and A ^-4 A m,n are m- and //-expansions respectively. 

Proof. The proof is a modification of an argument of Cartan @. The proofs of the two parts are formally 
identical, and we will concentrate on the former. 

An (m, n)-shuffle is a permutation tt of {1,..., m + n} such that 

7r(l) < • • • < 7T (m) and 7r (m + 1) < • • • < n (m + n). 

The (m, n)-shuflles index the ('"fj 1 ) non-degenerate simplices of the prism A m,n : we denote the simplex 
labeled by a shuffle tt by the same symbol n. Any simplex of dimension m + n — 1 in A m,n lies in at most 
two top-dimensional simplices. 

The geometric realization of the simplex A n is the convex hull of the vertices 

r/ i = ( 0 1 _ ;;A 0 ,l : _^ I l)€ n . 

n — i times i times 

Thus, the simplex is the convex set 

A n = {(*i, ...,t n ) C n | 0 < h < • • • < t n < 1}. 

Given sequences 0 < sy • • • < s m < 1 and 0 < t\ < ■ ■ ■ < t n < 1 such that s, f tj, representing a pair - of 
points in the interiors of A m and A n respectively, the union of these sequences determines a word of length 
m + n in the letters s and t, with m letters s and n letters t, and hence an (m, n)-shuffle. The set of such 
points associated to a shuffle tt is the interior of the geometric realization |vr| C |A m,n | = |A m | x |A n |. 
Represent an (m, n)-shuffle tt by the sequence of natural numbers 

0 < ai( 7 r) < • • • < a m (n) < n, 
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in such a way that the associated shuffle has the form 


g -j&m dm 


in other words. 


0 — So < • • • < Sj < t aj+ 1 < • • • < t aj+ 1 < Sj+\ < ■ ■ ■ s m+ i — 1. 

We adopt the convention that ao = 0 and a m+ \ = n. 

Filter A m,n by the subcomplexes 

F t A m ’ n = A ™’ n U \J 7T, 

{7r\b(n ,i)<£} 

where 

i m 

6(vr,i) = 5Z a j( 7r ) “ X] “iW- 

jr' = l f=i+l 

The faces of a top-dimensional simplex 7r arc as follows: 

• the geometric realization of the face d a . +j_ i vr is the intersection of the geometric realization of the 
simplex tt with the hyperplane 

t aj = Sj, 

when aj_i < a,j , and the hyperplane 


Sj_l — -Sj, 

when (ij-\ = Qj; 

• the geometric realization of the face d aj+ jir is the intersection of the geometric realization of the 
simplex tt with the hyperplane 

Sj = ta,j +li 

when U j < a,j+ 1, and the hyperplane 


s j ~ s j+ 1 ) 

when aj = Gj + i; 

• when cij + j < k < a ]+ \ + j, the geometric realization of the face Oi-tt is the intersection of the 
geometric realization of the simplex -k with the hyperplane 


tk-j 


tk—j+1 • 


We must show that at least one face of tt does not lie in F b ^ ^_ 1 A m,n : 

i) if ctj(7r) = aj_)_i(7r), the face d ai +iTr is not contained in nor in any top-dimensional simplex 

of A m,n other than 7r; 

ii) if di{ tt) < cii- (_i(7r) and i > 0, the face d ai +iTT is contained in the simplex tt with 


aj (tt), 

j < i 

aj (tt) + 1 , 

j = i 

aj(r r), 

j > i 


for which b{fr, i) = b(n, i) + 1; 
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iii) if dj(7r) < a, + i (tt) and z < m. the face <9 0i+1 +i _ | tt is contained in the simplex if with 


ajf7rj = 



j < i + 1 

aj{ tt) - 1, 

:i = i + i 

aj(7r), 

J > i +1 


for which b(i f, z) = 6 ( 7 r, z) + 1 . 

By Lemma [3781 the proof is completed by enumerating at least m faces of vr which lie in either A' n ’ n or a 
simplex if for which 6(if, z) = b( tt, i) — 1 : 

i) For each j < i with aj < <ij+\, we obtain o :i +\ — aj such faces as follows: 
al) the aj + \ — aj — l faces dfir with aj + j < I < aj + 1 + j — 1 lie in A™’ n ; 
a 2 ) the face d aj+1+ j- i 7 r lies in the simplex if with 

/ 

a k (n), k < j + 1 , 

a k (n)-l, k = j + 1 , 

Mtt), A > j + 1, 


aj(7rj = 


for which 6(if, z) = 6(7 t, z) — 1. 

ii) For each j > i with aj < aj+\, we obtain a.j + \ — aj such faces as follows: 
bl) the aj + i — aj — 1 faces dfK with m,- + j + 1 < t < aj + i + j lie in A™’ n ; 
b 2 ) the face d aj f ? +i 7 r lies in the simplex if with 


Oj(if) = < 


a fc (7r), A < j, 

a fc( 7r ) + 1 ) k = j, 

a k { tt), k > j , 


t m,n 


for which 6(if , z) = 6( zr, z) — 1 . 

iii) The aj+i — a* — 1 faces dfir with ay + i < i < ay + 1 + z — 1 lie in A’-' 

iv) The face lies in A™’ n unless i = 0 and a\ = 0. 

v) The face d rn+n tt lies in A' n ’ n unless i = m and a m = n. 

Lemma 4.2. Let T be a finite simplicial set, and let S ^ T be a simplicial subset. Then 


is an m-expansion, and 


A m xSU A " 1 xf 4 A m x T 


S x A n UTxA" 4 TxA' 


□ 


is an n-expansion. 

Proof. We prove the first statement: the proof of the second is analogous. 

Filter T by the simplicial subsets F{T = S U sky T. Let If be the set of nondegenerate simplices in 
Tf \ Sf. There is a pushout square 


(A ™' l )h 




4 A m x F>_iT uAfxT 


-s- A m x FfT U Af* x T 
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and by Lemma |4~T1 the vertical arrows of this diagram are m-expansions. Composing the m-expans ions 

A m x Fe-iT U A” 1 xf4 A m x F{T U A™ x T 

for t > 0, we obtain the result. □ 

Proof of Theorem \3.21\ Let X be a A’-groupoid. To show that P n X is a A-groupoid, we must show that for 
all 0 < i < m, the morphism 

P n X m —> Horn (A™, P n X) 

is a cover, if m > 0, and an isomorphism, if m > A. This follows by Part i) of Lemma [T9] since A” 1 '" >—>• 
A m,n is an m-expansion. 

If / : X — > Y is a fibration, then for all n > 0, the simplicial morphism 

PnX -» Hom(9A ra , P,X) X Hom (SA n ,P,Y) PnY 

is a fibration since for all m > 0, the morphism A” v " <^a A m,n is an expansion, and for all ri > 0, the 
simplicial morphism 

PnX —> Hom(A”, .P.A) x Hom ( A n p <F ) P n Y 

is a cover since for all m > 0, the morphism A'p n ^ A m,n is an expansion. 

If / : X —> Y is a hypercover, then for all n > 0, the simplicial morphism 

PnX -■> Hom(9A ra , P,X) Xnom(dA n , p.y) PnY 

is a cover, by Lemma 1331 applied to the inclusion of simplicial sets 

(■ dA m x A n ) U (A m x A n ) ->• A m,n . □ 

5. A CHARACTERIZATION OF WEAK EQUIVALENCES BETWEEN fc-GROUPOIDS 
A morphism / : X — > Y of A-groupoids is a weak equivalence if and only if the morphism 

P(f ) n ^ Rom(dA n ^ A n ,q(f)) 
is a cover for n > 0. When n = 0, this condition says that the moiphism 

Xq x Yq Y\ -a- Yq 

is a cover, which is a hanslation to the setting of simplicial spaces of the condition for a morphism between 
Kan complexes that the induced moiphism of components -kq (/) : tto(A) —y ttq( Y) be surjective. For 
n > 0, it analogous to the condition for a morphism of Kan complexes / : X Y that the relative 
homotopy groups Ti n+ i(Y, X) (with arbitrary choice of basepoint) vanish. 

The following theorem is analogous to Gabriel and Zisman’s famous theorem on anodyne extensions 
lfl4l Chapter IV, Section 2], 

Theorem 5.1. A morphism / : X —> Y of A’-groupoids is a weak equivalence if and only if the morphisms 
(5.1) Hom(A n -A A n+1 , /) —> Hom(dA n -A A"+J, /) 

are covers for n > 0. 
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Proof. We have 

P{f)n = Hom(A ?1 <-4 A 1,n , /), 

and 

Horn(9A” -4 A n , g(/)) =* Horn(9A” -4 A}’ n , /). 

This shows that / is a weak equivalence if and only if the morphisms 

(5.2) Hom(A n w A 1,n , /) —> Hom(SA n -4 A{’ n , f ) 

are covers for all n > 0. 

Suppose that the morphism (15.11 ) is a cover for n > 0; we show that (15.21 ) is a cover for n > 0. For 
0 < i < n, let A” +1 C A 1,n be the simplex whose vertices are 

{(0,0),..., (0,z), (1, (l,n)}. 

Observe that 

A& 1 n A" +1 = diA^ = 3,A” +1 . 

Filter the prism: 

FiA 1,n = A}’ n U Ag +1 U • • • U A” +1 . 

If i < n, there is a pullback diagram 

Hom(<9A n -4 FjA 1>n , /)-> Y n+1 

di 

Hom(<9A n -4 Fi_ iA 1 ’", /)-> F n 

The vertical morphisms arc covers by part i) of Lemma IX9l composing them for 0 < i < n, we see that the 
morphism 

Hom((9A n -4 Fn-iA 1 '", f) —> Hom(5A ri -4 A}’ n , /) 

is a cover. 

There is also a pullback diagram 

Hom(A n -4 A 1,n , /)-> Hom(A n -4 A n+1 , /) 


Hom(<9A n -4 F n _iA 1,n , /)-> Hom(dA n -4 A^+J, /) 

The right-hand vertical morphism is a cover by hypothesis, and hence the left-hand vertical morphism, 
namely (15.21) . is also a cover. 

Now, suppose that (15.21) is a cover for n > 0; we show that (15. 1 1) is a cover for n > 0. There is a map 
from A 1,n to A" + 1 , which takes the vertex (0, i) to i, and the vertices (1, i) to n + 1. This map takes the 
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simplicial subset A[c A 1,n to the horn A”]'[ c A ra+1 , and induces a pullback square 

Hom(A n A n+1 , /)-> Hom(A n A 1,n , /) 


Hom(c?A n e —>• A-> Hom(<9A n ->• A}’ n , /) 

It follows that (15.11) is a cover for n > 0. □ 


6. k’-CATEGORIES 


In this section, we study a class of simplicial spaces bearing the same relationship to A-groupoids as 
categories bear to groupoids. The definition of ^-categories is inspired by Rezk’s definition of a complete 
Segal space lf22ll . 

Recall that the thick 1-simplex A 1 is the nerve of the groupoid [1] with objects {0,1} and a single 
morphism between any pair of objects. 

Definition 6.1. Let k > 0. A fc-category in a descent category V is a simplicial space X such that 

1) if 0 < i < n, the morphism 

X n Horn (A”, A) 
is a cover, and an isomorphism if n > A;; 

2) if A € {0,1}, the moiphism 

HomjA 1 , X) Hom(A l 1 , X) “ X 0 

is a cover. 


There is an involution permuting the two vertices of A 1 . Thus, in the second axiom above, it suffices to 
consider one of the two morphisms HomfA 1 , X) —y HomfA -. X), since they are isomorphic. 

Lemma 6.2. A A:-category X is A: + 1-coskeletal, that is, for every n > 0, 

X n = cosk fc+ i X n = Hom(sk fc+ i A n , X). 


Proof. Consider the commutative diagram 

Hom(<9A n , X) 

X n ----Hom(A”_ 1 , X) 

If n > k, the morphism y n is an isomorphism, and hence B n is a split epimorphism. 

If furthermore n > k + 1, the upper horizontal morphism of the pullback square 



Hom(<9A n , X)-> X n _i 



Hom(A"_ 1 ,X)-r Hom(0A n_1 , X) 

' ‘ dn-l 
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factors into a composition 

Hom(9A n , X) ^ Hom(A"_ 1 ,X) Hom(A£l£, X) X n _ x 

and hence, by universality of the pullback square, the moiphism /3 n is a monomorphism. Since this mor¬ 
phism is also a split epimoiphism, it follows that /3 n is an isomorphism. We conclude that a n is an isomor¬ 
phism. 

The pullback square 

/n+l\ 

cosk^ X n -> (Xi) [ e+l) 

J»S si) 

cosk^_i X n -S' Hom((?A^, 

shows that the morphism cosk/ X n cosk^_] X n is an isomorphism if i > k + 1. The lemma follows by 
downward induction in i, since X n = cosk n X n . □ 

If T is a finite simplicial set, form the coend 

T x A A = f neA T n x A n . 

(This is denoted k\T by Joyal and Tierney fl8l .l As examples of this construction, we have the thick horns 

™ = A” x A A c A n 

and the thick boundary 

dA n = A” x A A C A n 

Of course, } = A], and dA l = dA 1 . 

Inner expansions play the same role in the theory of ^-categories that expansions play in the theory of 
As-groupoids. 

Definition 6.3. An inner m-expansion (inner expansion, if m = 1) is a map of simplicial sets such that 
there exists a filtration 

5 = F_iT C FqT C F\T C ■ ■ ■ CT 
satisfying the following conditions: 

1) T = \J ( F{T\ 

2) there is a weakly monotone sequence ni > m, a sequence 0 < A < ne, and maps X£ : A ni —>■ F{T 
and >j( : A™ e —> Ff_ i T such that the following diagram is a pushout: 

k: —^ F e-i t 

A n ‘ -- F(T 

Xi 

It is not hard to see that inner n-expansions form a category. 

Lemma 6.4. If 0 < i < n, the inclusion ” U A n A n is an inner n-expansion. 
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Proof. The fc-simplices of A" have the form (i( h ..., if), where i( h .... 4 € {0,..., n }; a /r-simplex is 
nondegenerate if ij _ i 4 ij for 1 <j<k. 

Let Qk.m, 0 < m < k — i be the set of non-degenerate fc-simplices s = (io ■ ■ ■ ik) of A” which satisfy 
the following conditions: 

a) s is not contained in ■' U A n ; 

b) ij _i = ij + 1 for i < j < i + m; 

o) ij+m — if 

d) ij+m—1 7^ ^i+m+l' 

For example, if n = 2 and i = 1, then Q 2 ,o = {(2,1,0)}, 

Q 3 ,t = {(1)0,1,2), (1,2,1,0)}, 

and 

Qs,o = {(0,1, 2, 0), (0,1, 2,1), (2,1,0,1), (2,1,0, 2)}. 

Let If. be the set of non-degenerate fc-simplices which do not lie in " U A", nor in any of the sets Qk.rn- 
The simplicial set A” is obtained from ■' U A” by inner expansions along the simplices of type Q/. m in 
order first of increasing k, then of decreasing m. (The order in which the simplices arc adjoined within the 
sets Qk,m is unimportant.) 

To prove this, consider a simplex s = (?'o,..., if) in If.. There is a unique natural number 0 < m s < k—i 
such that the simplex 

S — (*0> ■ i ii+m a — 1) if ii+rris i • • • i ik) 

has type Qk+i,m s ■ I n m s is either 0 or the largest positive number rn satisfying the following conditions: 

a) ij _i = ij + 1 for i < j < i + m ; 

b) f +m -2 — i , 

c) ii+m— 1 ~f~ i- 

The simplex s is non-degenerate: i t +m s -1 does not equal i by hypothesis, while ii+ ma does not equal i 
by the maximality of m s . It is easily seen that s has type Qk+i,m a - 

We see that s = di +ms s is an inner face of s. The faces djS, j < i, arc either degenerate, lie in " u A”, 
or lie in Qk,m s - 1 - The faces djs, j > i, arc either degenerate, lie in " U A", or lie in the boundary of 
simplex in Qfc+i >m , m > m s . □ 

Corollary 6.5. If S T is an inner n-expansion of finite simplicial sets, then 

Sx a AuTsTx a A 

is an inner n-expansion. 

Proof. The proof is by induction on the length of the filtration 

5 = F_iT C F 0 T C FxT C • • • C T 

exhibiting S T as an inner n-expansion. We see that there is a pushout square 

m u A n i -» [Fn_iT x A A) U T 

(ye *a )uxe 

A ne -> (. F(T x A A) U T 


26 



It follows that (.FgT Xa A) IJ T r ~> (/y_|T x a A) U T is an n^-expansion, where ng > n. Since the inner 
n-expansions are closed under composition, the result follows. □ 

Corollary 6.6. If S =» T is an m-expansion of finite simplicial sets, where m > 1, then 

SxaA^TxaA 


is an inner m-expansion. 

Proof. The proof is by induction on the number of nondegenerate simplices in T \ S. For the induction step, 
it suffices to prove that if n > 1 and ()<?'< n, the inclusion ” =>• A n is an inner n-expansion. 

The action of the symmetric group S n+ \ on the simplicial set A n induces a transitive permutation of 
the subcomplexes ”. Thus, it suffices to establish the result when i = 1. But in this case, the inclusion 
™ ■=>■ r \ U A n is an inner n-expansion, and the result follows from Lemma I6T41 □ 

We will also need some results involving the simplicial set A 1 . This simplicial set has two nondegenerate 
simplices of dimension k, which we denote by 

= ( 0 , 1 ,...) * = ( 1 , 0 ,...). 

Let ° be the minor of 


In particular, the simplicial subset \ <=>• A 1 may be identified with the vertex = (0). 


= (..., 1 , 0 ) = 


k even 
k odd 


Lemma 6.7. The inclusion 

dA n x A 1 U A" x } ^ A n x A 1 

is an expansion, and an inner expansion if n > 0. 

Proof. The expansion \ = A 1 is obtained by successively adjoining the simplices , ,_ 

The product A n x A 1 is isomorphic to the iterated join of n + 1 copies of A 1 . Indeed, a k-simplex of 
A n x A 1 may be identified with a pair consisting of a fc-simplex 0“° ... n an of A”, where oo + • • • + a n = 
k + 1, and a k-simplex (f 0 ,... ,**,) of A 1 . We may think of this k-simplex as a sequence of simplices 
(cto, ..., <r n ), where cr.; is an (a^ — l)-simplex of A 1 if a* > 0, and is absent if a* = 0. Such a simplex 
is degenerate precisely when one of the cr.; is degenerate. Denote the simplex (?'q, ..., if) x 0 a ° ... n an by 
[do;...; cr n ]. 

The simplicial subset dA n x A 1 UA" x }c A n x A 1 is the union of the simplex [ ;...; ], the simplices 
[cr 0 ;...; cr;_i;; cr i+ i;...; a n ], and their faces. 

Let Sk/, m be the set of fc-simplices in A n x A 1 of the form 


if ( < n, and of the form 


; di —&+ii ■ ■ ■; ^n], 


[ ; cn; - - -; °Yi] 

if l = n. The successive expansions of <9A" x A 1 U A n x j along the simplices of Sr./.-m, in order first 
of ascending k, next of ascending £ (between 0 and n), and lastly of ascending m (between 1 and k — n), 
exhibit the inclusion 

dA n x A 1 U A" x [ ^ A n x A 1 


as an inner expansion. 


□ 


27 


Corollary 6.8. A /,-gmupoid is a /^-category. 

Proof. This follows from Lemma [3T9l and the special case of the lemma where n = 1. □ 

Corollary 6.9. If S C T is a simplicial subset containing the vertices of T, then the inclusion 

S x A 1 UTx JhTxA 1 

is an inner expansion. 

The following definition is modeled on Joyal’s definition of quasi-fibrations between quasi-categories 

m. 


Definition 6.10. A quasi-fib ration / : X —> Y of ^-categories is a morphism of the underlying simplicial 
spaces such that 

1) if 0 < i < n, the moiphism 

X n —Hom(Af 4A",/) 


is a cover; 

2) if * € {0,1}, the morphism 

Hom(A 1 ,X) —> Hom(A° ->A 1 1 f) = X 0 x Yo Hom(A 1 ,F) 

is a cover. 


Clearly, the morphism from a fc-category X to the terminal simplicial space e is a quasi-fibration. 

The proof of the following le mm a is the same as that of Lemma 13.91 Note that Hom(S' T. /) is 
isomorphic to Hom(sk/ c+1 S sk^+i T, f) by Lemma 16.2 [ this is important, since Hom(S T, /) is 
only defined a priori when T is a finite simplicial set. 


Lemma 6.11. Let T be a simplicial set such that sk„ T is finite for all n. 


i) Let i : S ^ T be an inner expansion, and let / : X —>• Y be a quasi-fibration of fc-categories. Then 
the morphism 


Hom(r, X) —> Horn(5 ^ T , /) 


is a cover. 

ii) Let i : S T be an inclusion, and let / : X —> Y be a hypercover of fc-categories. Then the 
morphism 

Hom(T, X) —> Horn(5 ^ T, f) 

is a cover. 


We now introduce a functor I 4 (X) from ^-categories to /c-groupoids, which may be interpreted as 

the /;:-gmupoid of quasi-invertible morphisms in X. 


Theorem 6.12. 

i) If A is a /.--category, then the simplicial space 

(X) n = Hom(A n ,A) 


is a /c-groupoid. 
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ii) If / : X —¥ Y is a quasi-fibration of /.'-categories, then 

(/): (*)-► 00 

is a fibration of /c-groupoids. 

iii) If / : X —» Y is a hypercover of /c-categories, then 

(/): (X)-> (y) 

is a hypercover of /c-groupoids. 

Proof. To prove Part i), we must show that the morphism 

(X) n ^Hom(A?, (X)), 

or equivalently, the morphism 

Hom(A n , X )—¥ Hom( J*,X), 

is a cover for all n > 0, and for 0 < i < n, and an isomorphism for n > k. For n = 1, this is part of the 
definition of a quasi-fibration, and for n > 1, it is a consequence of Corollary 16.61 

The proof of Part ii) is similar, since if / : X —¥ Y is a quasi-fibration of ^-categories, then the morphism 

Hom(A n , X)—¥ Hom( ? A n ,/), 

is a cover for all n > 0, and for 0 < i < n, by the same argument. 

To prove Part iii), we must show that if / : X —¥ Y is a hypercover, the morphism 

(X) n —¥ Hom(<9A n •—¥ A n , (/)), 

or equivalently, the morphism 

Hom(A n , X) —¥ Hom(9A n A n , /), 

is a cover for all n > 0: this follows from Lemma [3731 applied to the inclusion of simplicial sets <9A n >—>• 
A n . □ 

It is clear that takes pullbacks to pullbacks. We will show that ^-categories form a category of fibrant 
objects, and that is an exact functor from this category to the category of fc-groupoids. 

The main step which remains in the proof that /c-categories form a category of fibrant objects is the 
construction of a simplicial resolution for /c-categories. We use the following refinement of Lemma 14.21 
which was already implicit in the proof of Lemma 14. II 

Lemma 6.13. Let T be a finite simplicial set, and let S T be a simplicial subset. Then the morphism 

A m xSuA™xTHA ra xT, 0 < i < m, 

is an inner rn-cxpans ion, and the morphism 

SxA n UTxA"HTx A n , 0 < j < n, 

is an inner n-expansion. 

Definition 6.14. Define n X to be the simplicial space 

( n X)m = Hom(A m x A n , X). 

Theorem 6.15. The functor .X is a simplicial resolution. 
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Proof. Let / : X —>• Y be a quasi-fibration. By Lemma [6. 1 31 the inclusion 

A” 1 x A n U A m x dA n ^A m xA n 

is an inner expansion for 0 < i < m. Applying Lemma [6.111 we conclude that the morphism 

Horn(A m x A n , X) —> Hom(A™ x A n U A m x dA n ^A m xA n ,f) 


is a cover. 

By Corollary 16.91 the inclusion 

A 1 x dA n U } x A” >—> A 1 x A n 

is an inner expansion for n > 0. It follows by Lemma [6. 1 1 1 that the morphism 

Hom(A 1 x A n , X) —> Hom(A 1 x dA n U \ x A n w A 1 x A n , f) 
is a cover for n > 0. Together, these two results show that the simplicial morphism 

n A !■ dA n X Xp gAn y nY 

is a quasi-fibration for n > 0. 

By Corollary 16.61 and Lemma l6.131 the inclusion 

dA m x A n U A m x ”HA m xA" 

is an inner expansion for n > 1 and 0 < j < n. It follows that the morphism 

Hom(A m x A n , X ) —> Horn(<9A m x A n U A m x ^ A m x A n , f) 
is a cover, and hence that the simplicial morphism 


n X -» A”I X Pa „y nY 

is a hypercover for n > 1. 

Let / : X —> Y be a hypercover. Applying Lemma [3731 we see that the morphism 

Hom(A m x A n , X) —> Horn(9A m xA n U A m x dA n ^ A m x A n , /) 
is a cover for n > 0, and hence the simplicial morphism 

nX ^ dA n X. Xp gA „Y nY 

is a hypercover for n > 0. □ 

The following lemma is the analogue of Lemma [3.26| for /c-categories. 

Lemma 6.16. If / : X —> Y is a fibration of ^-categories, and g \ Y —? Z and gf arc hypercovers, then / 
is a hypercover. 

Proof. The proof of Lemma l3.26l extends to this setting as well. Indeed, the proof contained there establishes 
that the morphism X n Hom(<9A” ^ A n , /) is a cover for n > 0. It remains to show that /o : Xq —>• Yq 
is a cover, which follows from Lemma l3.26l applied to the morphisms (/) and ( g). □ 

With these results in hand, we may easily adapt the proof of Theorem l3.6l to prove the following result. 

Theorem 6.17. The category of fc-categories is a category of fibrant objects. 

The following corollary is immediately implied by Lemma [L3l (“Brown’s Lemma”). 
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Corollary 6.18. If / : X —¥ Y is a weak equivalence of /^-categories, then 

(/): (X)—l (Y) 

is a weak equivalence of /r-groupoids. 

We have the following analogue of Theorem l5.ll 

Theorem 6.19. A morphism / : X —» Y of fc-categories is a weak equivalence if and only if the morphism 

X 0 Xy 0 Hom(A'. Y) - > Yq 

is a cover, and the morphisms 

Horn(A” w A 1 * A"” 1 ,/) —> Hom(3A n ^ A 1 * dA 71 ' 1 U J * A” -1 , /) 
are covers for n > 0. 

Proof. The morphism / is a weak equivalence if and only if the morphisms 

(6.1) Hom(A n A n x A 1 , f) —> Hom(0A n x j 8A n x A 1 U A n x \,f) 

are covers for all n > 0. For n = 0, this is the first hypothesis of the theorem. Thus, from now on, we take 
n > 0. 

We have seen in Lemma l6?7l that the simplicial set A" x A 1 is an inner expansion of dA n x A 1 U A n x J, 
by the successive adjunction of the simplices [;...; ; ; ch-£- n;...; a n ] and 

[ ; <Ti;...; c n ]. 

Of these simplices, only one, namely [ *; *] € S n+ i, n) i, has a face in the simplicial subset A n x 

] c A” x A 1 . Thus, the morphism (16.11) factors into a sequence of horn-filler morphisms indexed by 
this sequence of simplices, all of which are seen to be covers, except possibly the one corresponding to the 
simplex [ *; *]. But the morphism corresponding to this simplex is a cover under the hypotheses 

of the theorem. 

Now suppose that (16.11) is a cover for n > 0. The map 

0“° ... n ak x i 0 ... i k i-> 0 a ° ... n ak x i 0 ... i ao _ i0... 0 

from A” x A 1 to A 1 * A"' 1 takes dA n x A 1 U A n x J to A 1 * dA n ~ l U J * A n_1 and induces a pullback 
square 

Hom(A n A 1 * A n " 1 , /)- ¥ Hom(A n ^ A n x A 1 , /) 


Hom(9A™ <-» A 1 * dA n 1 U J*A n 1 , /)- ¥ Hom(9A Tl =->• dA n x A 1 U A n x f) 

This completes the proof of the theorem. □ 
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7. Regular /c-categories 


If V is a regular descent category, it is natural to single out the following class of /^-categories. 

Definition 7.1. A regular k -category is a /c-category X such that the morphism 

Hom(A\X) —» Hom(A\X) ^ X, 
induced by the inclusion A 1 A 1 is regular. 

Since A 1 ^A A 1 is an expansion, every /r-groupoid is a regular /c-category. 

Proposition 7.2. If X is a regular /c-category, then for all n > 0, the morphism 

Hom(A n ,X) —> Horn (A”, X) = X n 
induced by the inclusion A” ^A A” is regular. 

Proof. Let T" C A” be the union of the 1-simplices 

(J-hj), l<3<i- 

For k > 0, let Q *. be the set of Zc-simplices of A” such that i\ = f + 1. In particular, Q\ is the set of 
1-simplices in T”. 

Let k > 1. Given a simplex (io,..., ik) € Qk, the faces d 3 (zq , ■ ■ ■ ,ik) lie in Qk-i for j > 1, while 
5o(«o, • • • ,ik) either lies in Qk-i, if h = h + 1, or equals + 1, * 2 ,... ,*&) if *2 > A + 1. 

On the other hand, e?i(io, ■ ■ ■, ik) lies neither in Qk-i nor is it a face of any simplex (i' 0 ,, i' k ) £ Qk 
with i' 0 + ■■■ + i'k > *o + ■ ■ ■ + This shows that the inclusion T” ^A A” is an inner expansion, in 
which the simplices of Qk are attached in order of increasing k > 2, and for fixed k, in order of decreasing 
*0 + • • • + ik- 

Let ” = (T” (8 >a A) U A” C A n . By Lemma 1631 " '-A A" is an inner expansion. Hence the morphism 

Hom(A n , X) —> Hom( ”, X) 

is a cover, and hence regular. For each 1 < i < n. the morphism 

Honr( "A”, X) > Hom( ™_ 1 A n ,X) 
is regular, since it may be realized as the pullback of a regular morphism: 

Hom( ?,X) ->Hom(A 1 ,X) 


Hom( ”_!,X)- ¥ Hom(A 1 ,X) 

This completes the proof of the theorem, since q = A” , and the composition of regular morphisms is 
regular. □ 

Let G(X) n be the image of the regular moiphism (X) n -A X n . The spaces G(X) n form a simplicial 
space, and for each n, the morphism (X) n -A G(X) n (coimage of (X) n -A X n ) is a cover. We call 
G(X)i the space of quasi-invertible morphisms. 

It follows from the proof of Theorem 17.21 that G(X j n is the image of the morphism 

Hom(T^, (X)) x Hom ( T „ ;X ) X n — >X n . 


32 






Lemma 7.3. ( (X))^ (G(X)) =* (X) 

Proof. In order to prove that ( (X)) is isomorphic to (X), it suffices to show that for all k. n > 0, 

Hom(A fc ,A n ) “ Hom(A fc , A n ). 

Since A k is the nerve of the groupoid |/c], we see that Hom(A /,: . A" ) may be identified with the set of functors 
from [A;] to [n]. But a functor from [A:] to [n] determines, and is determined by, a functor from [k] to [n], 
i.e. by a A;-simplex of the nerve A n = N, [n] of [n]. 

Applying the functor n to the composition of morphisms 

(X) -»■ G(X) -> X, 

we obtain a factorization of the identity map of (X) n : 

( (X)) n = (X) n —>• (G(X)) n (X) n . 

Since the functor n is a limit, it preserves monomorphisms. Thus the morphism from (G(X)) n to (X) n 
is a monomorphism, and since it has a section, an isomorphism. □ 

The statement and proof of the following lemma are similar to those of Lemma \6A\ 

Lemma 7.4. The inclusion <9A n U A n ^ A n is an expansion. 

Proof. Let Qk, m , 0 < m < n be the set of non-degenerate A-simplices s = (?'o ■ ■ ■ u-) of A n which satisfy 
the following conditions: 

a) s is not contained in d n U A n ; 

b) ij = j for i < j < nr, 

c) {i m+ 1 ,--. ,i„} = {m, ...,n}. 

Let Qk be the union of the sets Q 

The simplicial set A n is obtained from ” U A n by inner expansions along the simplices of type Qk,m in 
order first of increasing k, then of decreasing rn. (The order in which the simplices are adjoined within the 
sets Qk,m is unimportant.) 

Given a non-degenerate simplex s = (i o ,... ,ik) which does not lie in the union of <9A n U A" and Qk, 
let m be the largest integer such that ij = j for j < m. Thus 

s — (0, • • •, m 1, %m j ■ ■ ■ j ik), 

and i rn f m. The infimum t of the set ,..., ij .} equals m: it cannot be any larger, or the simplex would 
lie in dA n , and it cannot be any smaller, or the simplex would lie in Qk- Define the simplex 

s — (0,... , rn, im, • • •, iQ 

in Qk+i,m- We have s = d m s. 

If m occurs more than once in the sequence { i m . ■ ■ ■ ■ ?-/,■}• then the remaining faces of the simplex s are 
either degenerate, or lie in the union of <9A n U A" and Qk- If m occurs just once in this sequence, say 
in = m, then all faces of the simplex s other than s = d m s and di + is are either degenerate, or lie in the 
union of dk n U A” and Qk, while dn + \s is a face of a simplex of type Qk+i,m', where m' > m. □ 

This lemma implies that the natural morphism (X) —> X is a hypercover when X is a A -groupoid, even 
if the descent category is not assumed to be regular. 

The following theorem is related to results of Rezk lf22l and Joyal and Tierney flT8j]. 
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Theorem 7.5. If X is a regular Ar-category, then G(X) is a /c-groupoid, and the induced morphism 

(X)—>G(X) 

is a hypercover. 


Proof. For n > 0, consider the assertions 

A n : for all 0 < i < n, the morphism G(X) n -A Hom(A”, G (X)) is a cover; and 
B„: for all 0 < i < n, the morphism 

(X) n —► Hom(A? -A A n , (X) -A G(X)) 

is a cover. These imply that G(X) is a Ar-groupoid. 

Let us demonstrate Ai. In the commuting diagram 

(X)i 

G(X)i.•> (X) 0 = Xq 

the solid arrows are covers, hence by Axiom [(D3)| , the bottom ai'mw is a cover. 
Consider the commuting diagram 




(X) n X Hom ( A n G ( X )) G(X) r 


(X)r. 


k" 



Hom(A; 


(X) -> G(X)) 


in which the solid arrow is a cover. If A n holds, the left-hand arrow is a cover, and hence by Axiom |(D3) 
so is the bottom arrow, establishing B n . 

Suppose that T is a finite simplicial set and S ^ T is an expansion obtained by attaching simplices of 
dimension at most n — 1 to S. Suppose that B„_ i holds. Then the same proof as for Lemma lT9l shows that 
the morphism 

Hom(T, (X)) Horn(5 -A T, (X) -A G(X)) 

is a cover. Applying this argument to the expansion A 0 ^A A" shows that 

Horn (A", (X)) —► Hom(A”, G(X)) 
is a cover. In the commuting diagram 


(X) n --Hom(Af, (X)) 

G(X) n .•> Hom(A”, G(X)) 

the solid airows are covers, hence by Axiom [(D3)[ so is the bottom airow, establishing A„. 

Now that we know that G(X) is a A;-groupoid, it follows from Lemma 17.41 that (X) -a G(X) is a 
hypercover. □ 
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8. The nerve of a differential graded algebra 


In this final section, we give an application of the formalism developed in this paper to the study of the 
nerve of a differential graded algebra A over a field . There are different variants of this construction: we 
give the simplest, in which the differential graded algebra A is finite-dimensional in each dimension and 
concentrated in degrees > —k. Working in the descent category of schemes of finite type, with surjective 
smooth morphisms (respectively smooth morphisms) as covers (respectively regular morphisms), we will 
show that the nerve of A is a regular fc-category. 

In the special case that A = M/v( ) is the algebra of N x N square matrices, our construction pro¬ 
duces the nerve of the monoid End( ;V ): the associated 1-groupoid G(N.A) is the nerve of the algebraic 
group GL(IV). If V is a perfect complex of amplitude k, then (IV. End(V')) is the fc-groupoid of quasi¬ 
automorphisms ofV. A straightforward generalization of this construction from differential graded algebras 
to differential graded categories yields the stack of perfect complexes: in a sequel to this paper, we show 
how this gives a new construction of the derived stack of perfect complexes of Toen and Vezzosi |[24j]. 

Let A be a differential graded algebra over a field , with differential d : A* —> A* +l . The curvature 
map is the quadratic polynomial 

= dji + /j 2 : A 1 —>• A 2 . 

The Maurer-Cartan locus MC(A) = V (<I>) C A 1 is the zero locus of <I>. 

The graded commutator of elements a € A 1 and b G A J is defined by the formula 

[a, b] = ab — (—1 )^ba G A l+ i. 

In particular, if ^ G A 1 , then 

[p,,a] = ixa — (—1 )*o/r G A l+l . 

If n lies in the Maurer-Cartan locus, the operator d /( : a i—>• da + [//, a] is a differential. 

Given p and v lying in the Maurer-Cartan locus of A*, define a differential on the graded vector 
space underlying A by the formula 

A 1 3 a i-A d^ v a = da + pa — (—Xfav G A l+l . 

Let C*( A n ) be the differential graded algebra of normalized simplicial cochains on the n-simplex A" 
(with coefficients in the field ): this algebra is finite-dimensional, of dimension (”t 1 1 ) in degree i. An 
element a G C*(A n ) (g) A* corresponds to a collection of elements 

(oio...i k € A i ~ k | 0 < * 0 < ■■■ < ** < n), 

where a,i 0 ...i k is the evaluation of the cochain a on the face of the simplex A” with vertices {?'o,..., ij~ }• 
The differential on the differential graded algebra C*( A" ) (g) A is the sum of the simplicial differential 
on C*(A") (g) A and the internal differential of A: 

k 

(5a)i 0 ^.i k ^ ] ( 1) a i 0 .Si v ..ik ( — 

e=o 

The product of C*(A n ) <g> A combines the Alexander-Whitney product on simplicial cochains with the 
product on A: if a has total degree j, then 

k 

(O u b), a*,..,, hi, 

£=0 
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The nerve of a differential graded algebra A is the simplicial scheme N,A such that N n A is the Maurer- 
Cartan locus of C*( A n ) <g) A: 

N n A = MC(C*(A n ) (8) A). 

If T is a finite simplicial set, the Yoneda lemma implies that the scheme of morphisms from T to N m A is the 
Maurer-Cartan set of the differential graded algebra C*(T) <g> A. 

A simplex G N n A consists of a collection of elements of A 

= {m 0 ...i k e A l ~ k |0 < i 0 < ■ ■ ■ < ik < n}, 

such that the following Maurer-Cartan equations hold: for 

0 < *o < • • • < 4 < n, 


we have 


e=o 


k 

( —1) (d + )i 0 ...i k = d^i 0 ,,,i k + — 1) pi 0 .S e ...i k + — 1) Pio—itP'U—ik 

e=o 


= 0. 


The components and play a special role in the Maurer-Cartan equation. The components //, arc 
Maurer-Cartan elements of A , and determine differentials d t j : A * —> A* +1 by the formula 

dija = da + Hid — (—1 )^anj. 

In terms of the translate f %) = 1 + \i t/J of the coefficient Hij, the Maurer-Cartan equation for \i V} becomes 

dj.jfij — 0 . 

The Maurer-Cartan equation for mjk may be rewritten 

dikdijk T fijfjk fik 0. 

In other words, mjk is a homotopy between fijfjk and /^. For n > 2, the Maurer-Cartan equation becomes 


fc-t 


di 0 i k ^i 0 ...i k + 1) pi 0 .S e ...i k 


e=i 


k—2 


+ {~l) k h 0 nfn. ,.i k + F*o---A-iF*fc-iA ...i(IJ'ijg...i k O' 

The following is the main result of this section. 


e =-2 


Theorem 8.1, Let A be a differential graded algebra such that A 1 is finite-dimensional for i < 1, and 
vanishes for i < —k. Then N m A is a regular k- category. 


Proof. The proof divides into three parts. 

1) If 0 < i < n, the morphism N n A — > Horn (A", N,A) is a smooth epimorphism, and an isomor¬ 
phism if n > k. 

2) The morphisms Hom(A 1 , N.A) —> MC(,4j are smooth. 

3) The morphism Horn (A 1 , N m A) —> N\ A is smooth. 
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Part 1) is established by rearranging the Maurer-Cartan equations for //(, „ and q 0 ...i...n to give a natural 
isomorphism N n A = Horn (A". N m A) x A 1 '”: 

PO ...n = x <5 A l ~ n 

AO...?...ra = —( —l) n 1 do n X — ( —1 y/oiAl.-.n ~ ( — 1)" Vo...n-l/n-l,n 

n —2 

- V (-!)'->„ T „ - 6 a 2 -". 

^{0,i,n} €=2 

The case n = 2 is slightly special: 

M 012 = X € A -1 

P 02 = dx + /U 0 X + x ^2 + / 01/12 - 1 € A 0 . 

To establish Parts 2) and 3), we will use an alternative representation of the algebra C* (A 1 ) ® A in terms 
of 2 x 2 matrices with coefficients in A[u], where u is a formal variable of degree 2. 

Associate to a differential graded algebra A the auxilliary differential graded algebra UA, such that UA k 
is the space of 2 x 2 matrices 


UA k = 


«oo apt 
ot 10 «n 


Qij € A fc+i - J >] 


Composition is the usual matrix product. Let d : UA —> UA be the differential given by the formula 

(da)ij = (-1 ) t d(a ij ). 

Let VA C UA be the differential graded subalgebra 


VA = i € UA a 10 (0)=0 . 

[ yaio a 11 j J 

In other words, the bottom left entry a 10 of the matrix has vanishing constant term. Let ao € VA be the 
element 

(0 l\ 


The following le mm a is a straightforward calculation. 

Lemma 8.2. The map from C* (A 1 ) ® A to VA given by the formula 


x 1 ^ = 


x 0 + UX 010 + m 2 x 0 ioio + • • • x 0 i T nxoioi + « 2 x 0 ioioi + • • • 


ux 10 + u z x 1010 + 


-Xl — tiXioi — u XioiOl 


is an isomorphism of differential graded algebras between C"(A 1 ) 0 A and VA with differential 

5x = dx + [ao, x]. 

Corollary 8.3. The morphism 

a( ) = (fe +i>{ ) 

induces an isomorphism of schemes between \A = MC(C*(A) 0 A) and 

Z(da + a 2 — ul) C VA 1 . 
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A Maurer-Cartan element = (go, // 1 . //.q i ) is quasi-invertible if 

/ = 1 + Moi 

is quasi-invertible in A°: that is, there exist elements g E A 0 and h and k <G A -1 such that 

[/x 0 ,/i] = /^- 1, dfc+ [//!,&] =5/- 1. 

The following result (with a different proof) is due to Markl Il20l . 


Proposition 8.4. Every quasi-invertible point of N\A may be lifted to a point of i A. 


Proof. Consider the matrices 

VA i 0 =( h h ^ k ~ h f) 

\g -k + g(fk - hf)^ 

It is easily checked that d/3 + [a, /3] = 1. Let C n be the nth Catalan number. The matrix 


a = 


Mo / 

0 “Ml 


E VA 


-1 


a = 


a + uJ2(-u) n C n p 2n+1 g VA 1 


72—0 


solves the equation da + a 2 = ul, and corresponds to an element of \A lifting G N\A. (The sum 
defining a is finite, since the differential graded algebra A * is bounded below.) □ 

The following lemma is our main tool in the proofs of Parts 2) and 3). 


Lemma 8.5. Let A be a differential graded algebra such that A 1 is finite-dimensional. Let h : A* —> A* 1 
be an operator on A satisfying the following conditions: 

a) hdh = h and h 2 = 0; 

b) the image of p = dh + hd is an ideal I C A. 

Then the natural morphism MC(A) —> MC(A/J) is smooth at 0 G MC(A). 


Proof Let U be the open neighbourhood of 0 in A 1 on which the determinant of the linear transformation 

1 + h ad(/u) : A 1 —> A 1 

is nonzero. We will show that the projection MC(A) —> MC (A/I) is smooth on the open subset LTlMC(A). 
There is an isomorphism between MC(A) and the variety 

V = Z{pu. (1 — p) x, dhx — y, <&(y) + d u x + x 2 ) C X = {{u, x, y) G A 1 x A 1 x A 1 }, 

induced by the morphism taking p, £ A 1 to ((1 — p/p.p/i. tip). Likewise, there is an isomorphism between 
MC(A/7) and the variety 

Z{pv, (1 — p)$(v)) C {u G A 1 }. 

It follows that the variety 

W = Z(pu, (1 - dh)y, (1 -p)<£>(^)) C {{v,y) G A 1 x A 1 } 

is a trivial finite-dimensional vector bundle over MC(A/J), with fibre the image of hd : A 0 —> A 0 , or 
equivalently, the image of h : A 1 —> A 0 . 
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Denote the differentials of x and y : X —>• A 1 by £ and r/ € Q^ ® ,4 1 . Taking the differentials of the 
equations defining V with respect to x and y, we obtain the differentials 

oj\ = (1 — p)£ U2 = dh £ — 77 W3 = + ad(zz + x)£. 

By the equation 

(1 + h ad(iz + x)) _1 (tui + CU2 + /1W3) = £ — (1 + h ad(V + x)) _1 r/, 

we see that the projection from U n V to VV is etale, proving the lemma. □ 


We next prove Part 2). Let b( ) € £44 be the derivative of a( ) with respect to u: 

^ ) — f ^ 01 ° 2 ^ototo + • • • P0101 + 2 tt/ioiotot + ■ ■ ■ 

yl + Wo + 2 tiwoio + • • • — Wot — 2 tt^ioioi — ... 

We have the equation 

d a { )H ) = 1. 

Consider the projection q : VA ^ VA given by the formula 


q 


( “00 
y«io 



/«oo( 0 ) o\ 

l » V’ 


where aoo(0) is the constant term of aoo G A[u\. 
The homotopy 


h = b{ K( )b( )(1 -q) 

= K )(i -q)-b( jd a{ )(1 -q) 


maps 144* to 144*, and satisfies the hypotheses of Lemma [831 with respect to the differential d a ( y. the 
projection p is given by the explicit formula 


P= 1 -q + b[d a{ ),q\. 

It follows that the morphism MC(C*(A 1 ) ®> A) —> MC(A) is smooth at . This proves Part 2). 

Likewise, consider the projection Q : 144 — > VA given by evaluation at u = 0. Applying Lemma [831 to 
the differential graded algebra 144, with differential d a ( ), and with homotopy 

H = b( )d a( )b( )(1 — Q) 

= K )(1 -Q) ~b( K ( )(1 - Q), 

we see that the morphism MC(C'*(A 1 ) ® A) — » MC(C'*(A 1 ) ® A) is smooth at . This proves Part 3). □ 
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